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Relying upon the equivalence between a gauge theory for the translation group and general relativity,
a teleparallel version of the original Kaluza-Klein theory is developed. In this model, only the internal
space (fiber) turns out to be five-dimensional, spacetime being kept always four-dimensional. A
five-dimensional translational gauge theory is obtained which unifies, in the sense of Kaluza-Klein,
gravitational and electromagnetic interactions.
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In ordinary Kaluza-Klein theories [1], the geometrical
approach of general relativity is adopted as the paradigm
for the description of all other interactions of nature.
In the original Kaluza-Klein theory, for example, grav-
itational and electromagnetic elds are described by a
Hilbert-Einstein Lagrangian in a ve-dimensional space-
time. On the other hand, it has already been shown that,
at least macroscopically, general relativity is equivalent
to a gauge theory for the translation group [2]. In this
theory, known as the teleparallel equivalent of general rel-
ativity, the fundamental eld is the Cartan connection,
a connection presenting torsion, but no curvature. This
equivalence gives rise to new perspectives for the study
of unied theories. In fact, instead of using the geo-
metrical description of general relativity, we can adopt
the gauge description as the basic paradigm, and in this
way construct what we call the teleparallel equivalent of
Kaluza-Klein. According to this approach, both gravita-
tional and electromagnetic elds turn out to be described
by a gauge-type Lagrangian. Such a construction will be
the main purpose of this letter.
Let us start by studying the teleparallel equivalent of
general relativity. We denote by xµ(µ, ν, ρ, ... = 0, 1, 2, 3)
the coordinates of spacetime, and by xa(a, b, c, ... =
0, 1, 2, 3) the coordinates of the tangent space, assumed
to be a Minkowski space with the metric
ηab = diag(+1,−1,−1,−1). (1)
The holonomous derivatives in these spaces are related
by
∂µ = (∂µxa)∂a and ∂a = (∂axµ)∂µ, (2)
where ∂µxa is a trivial holonomous tetrad, with ∂axµ
its inverse. A gauge transformation is dened as a local
translation of the tangent-space (ber) coordinates,
δxa = δαbPbxa, (3)
with Pa = ∂/∂xa the translation generators, and δαa the
corresponding innitesimal parameters.
Consider now a general source eld Ψ(xµ), whose
gauge transformation is
δΨ = δαaPaΨ. (4)
Notice that Pa is able to act on Ψ because of the identities
(2). Denoting the gauge potentials by Aaµ, its covariant
derivative can be written as [3]
DµΨ = haµ ∂aΨ, (5)
where
haµ = ∂µxa + c−2Aaµ (6)
is a nontrivial tetrad eld, with the speed of light c in-
troduced for dimensional reasons. From the covariance




µ = Aaµ − c2∂µδαa. (7)
As usual in gauge theories, the eld strength is given by
[Dµ, Dν ]Ψ = c−2F aµνPaΨ, (8)
with
F aµν = ∂µAaν − ∂νAaµ. (9)
We notice that the tangent space indices are raised and
lowered with the metric ηab while the spacetime indices
are raised and lowered with the Riemannian metric
gµν = ηabhaµ hbν . (10)
The presence of a nontrivial tetrad eld induces on
spacetime a teleparallel structure which is directly related
to the presence of the gravitational eld. In fact, given
a nontrivial tetrad haµ, it is possible to dene a Cartan
connection
1
Γρµν = haρ∂νhaµ, (11)
which is a connection presenting torsion, but no curva-
ture [4]. It is easy to see that the Cartan covariant deriva-
tive of the tetrad eld vanishes identically:
rνhaµ  ∂νhaµ − Γθµν haθ = 0. (12)
This is the absolut parallelism condition. It is also easy
to see that the gravitational eld strength F aµν can be
rewritten in the form F aµν = c2haρT ρµν , where
T ρµν = Γρνµ − Γρµν (13)
is the torsion of the Cartan connection.












where h = det(haµ). In principle, one should have
Nab
νρ = ηab hcν hcρ. However, due to the presence of
the tetrads, spacetime and tangent-space indices can be
changed into each other. This means that Nabνρ must
include all cyclic permutation of a, b and c:
Nab
νρ = ηab hcν hcρ + 2 haρ hbν − 4 haν hbρ. (15)
Substituting (15) into (14), we get
LG  hLG = hc
4
16piG






Kµνρ − gρν T θµθ + gρµ T θνθ

,
with Kµνρ the contorsion tensor. By considering now the
functional variation of LG in relation to Aaµ, we obtain
the (teleparallel) gravitational eld equation
∂σ(hSλστ )− 4piG
c4






ΓµνλSµντ + δλτLG (18)
the canonical energy-momentum (pseudo) tensor of the
gravitational eld. It is important to remark that Eq.(17)
is symmetric in (λ τ).
As already remarked, the curvature of the Cartan con-
nection vanishes identically:




Γθµν +Kθµν , (20)
with










+KσνµKθρσ − (µ$ ν)
i
 0 (21)
where rµ is the Cartan covariant derivative dened in
(12), and

Rθρµν is the curvature of the Levi-Civita con-
nection. If we compute from this equation the scalar
curvature

R, and substitute in the Hilbert-Einstein La-
grangian of general relativity




where g = det(gµν), up to a total divergence, we get
exactly the Lagrangian (16) of a gauge theory for the
translation group. Accordingly, the eld equation (17)
results equivalent to Einstein’s equations [5].
In the framework of the teleparallel description of grav-
itation, the action describing a particle of mass m and
charge e under the influence of both an electromagnetic














where Aaµ is the gravitational and Aµ is the electromag-










Now, inspired in the similarity between the gravitational
and the electromagnetic interactions in this approach,
we choose the U(1) gauge index of the electromagnetic









where A5µ = κ−1(e/m)Aµ, with κ a dimensionless pa-
rameter to be determined later. Accordingly, we can de-
ne a unied eld strength,
FAµν =
(





with F 5µν = κ−1(e/m)Fµν . In terms of the potential
AAµ, therefore, the eld strength is
FAµν = ∂µAAν − ∂νAAµ. (25)
Implicit in the above denitions is the introduction of
an internal ve-dimensional space M5, given by the pro-
dut between the Minkowski space M4 and the circle S1:
M5 = M4 ⊗ S1. A point in this space is determined by
2
the coordinates xA = (xa, x5), where xa are the coordi-
nates of M4, and x5 = κ−1(e/m)x the coordinate of S1.





where dσ2 = ηabdxadxb, such that ua is the usual four-
velocity, and u5 is a strictly internal component whose
value will be determined by the unication process.
With the above denitions, and denoting by η55 the
fth component of the internal-space metric, if the con-
ditions u5 = −κ and η55 = −1 are satised, the action





−m c ds− m
c
AAµ uB ηAB dxµ
i
. (27)




= FAρµ uB uµ ηAB. (28)
The trajectory of a charged particle submitted to both
an electromagnetic and a gravitational eld, therefore, is
described by a Lorentz-type force equation. Furthermore,
dierently from curvature, we see that torsion acts on
particles in the same way the electromagnetic eld acts
on charges, that is, as a force.
It is important to notice that, alternatively, we could
have chosen u5 = κ and η55 = 1, which would lead to the
same action integral, and consequently to the same equa-
tion of motion. As we will see, this choice corresponds
to another metric convention for the internal space. In
principle, both conventions are possible. However, the
unication process will introduce a constraint according
to which the choice of η55 will depend on the metric con-
vention adopted for the tangent Minkowski space.
In a unied teleparallel Kaluza-Klein model, a general
gauge transformation is represented by a translation of
the ve-dimensional internal space coordinates xA,
δxA = δαB PB xA, (29)
where PB = ∂/∂xB are the group generators, and
δαB(xµ)  δαB = (δαa, δα5
are the transformation parameters. Analogously to the
gauge potentials, we take δα5 = κ−1(e/m)δα. Now, in
the same way as in ordinary Kaluza-Klein models, we
assume the gauge potentials AAµ, and consequently the
tetrad haµ and also the metric tensor gµν , not to depend
on the coordinate x5. On the other hand, matter elds
do depend on the coordinate x5:
Ψ = Ψ(xµ, x5) .
Let us then consider a generalized gauge translation, un-
der which a matter eld behaves as
δΨ = δαA PA Ψ. (30)
Its covariant derivative, consequently, is
DµΨ = ∂µΨ + c−2AAµPA Ψ, (31)
with the gauge transformation of AAµ given by
δABρ = −c2∂ρδαB . (32)
Separating the gravitational and electromagnetic compo-
nents, we get
DµΨ = ∂µΨ + c−2AaµPaΨ + κ−1
e
mc2
Aµ P5 Ψ . (33)
Now, as x5 is the coordinate of the internal manifold
S1, we assume








with λC = (h/mc) the Compton wave-length of the par-
ticle under consideration. Consequently, a translation in
the coordinate x5 turns out to be a U(1) gauge trans-
formation, and a translation in the coordinates xa turns
out to be a gauge transformation related to the transla-
tion group T 4. For a simultaneous translation in the ve
coordinates xA, we see from (30) that






The corresponding minimal couplings are given by the
covariant derivative




By dening Aa = haµAµ, we can rewrite (36) in the form
DµΨ = haµDaΨ, (37)
with DaΨ the electromagnetic covariant derivative in
Minkowski space. As usual, the commutator of covariant
derivatives yields the eld strength:













As we have already discussed, Nabνρ is given by (15). On
the other hand, as no tetrad exists in the electromagnetic
sector,
N55
νρ = η55hcν hcρ. (40)















In order the get Maxwell’s Lagrangian, two conditions





from where we see that κ2 turns out to be proportional
to the ratio between electric and gravitational forces [7].
Second, in order to have a positive-denite energy for
the electromagnetic eld, and to get the appropriate rel-
ative sign between the gravitational and electromagnetic
Lagrangians, it is necessary that η55 = −1. With these
conditions, the Lagrangian (41) becomes
L  h (LG + LEM ) = hc
4
16piG
Sρµν Tρµν − h4FµνF
µν .
That the Maxwell Lagrangian in four dimensions shows
up from the Hilbert-Einstein Lagrangian in ve dimen-
sions, is usually considered as a miracle of the Kaluza-
Klein theory [8]. That the Hilbert-Einstein Lagrangian
of general relativity shows up from a Maxwell-type La-
grangian for a ve-dimensional translation gauge theory,
can be considered as the other face of the same miracle.
Now comes an important point. Since we have chosen
(1) as the metric of the Minkowski space, the resulting
metric of the ve-dimensional internal space will be
ηAB = diag(+1,−1,−1,−1,−1). (43)
This means that the fth dimension must necessarily be
space-like, and the metric with signature (3, 2) is ex-
cluded. On the other hand, if we had chosen ~ηab =
diag(−1, 1, 1, 1) for the Minkowski space, it is easy to
verify that we should have η55 = 1. The resulting metric
of the ve-dimensional internal space would be
~ηAB = diag(−1,+1,+1,+1,+1), (44)
and the same conclusion would be obtained: the fth
dimension must necessarily be space-like, and the met-
ric with signature (3, 2) is excluded. The unication
of the gravitational and electromagnetic Lagrangians,
therefore, imposes a constraint on the metric conventions
for Minkowski and for the electromagnetic internal man-
ifold S1. In fact, the choice between η55 = +1 and η55
= −1 depends on the metric convention adopted for the
Minkowski space. As a consequence, the metric of the
ve-dimensional internal space turns out to be restricted
to either (43) or (44). Metrics with signature (3, 2), which
would imply a time-like fth dimension, are excluded.
The functional variation of L in relation to Aaµ leads
















= FλνF τν − δλτLEM (46)
the energy-momentum tensor of the electromagnetic
eld. On the other hand, the functional variation of L in
relation to Aµ yields the teleparallel version of Maxwell’s
equation [9].
Summing up: by replacing the general relativity para-
digm by a gauge paradigm, a ve-dimensional Maxwell-
type translational gauge theory on a four-dimensional
spacetime has been constructed. In this theory, gravi-
tation is attributed to torsion, and the electromagnetic
eld strength appears as the fth gauge-component of
the torsion tensor. Furthermore, due to the fact that
torsion, like the electromagnetic eld, plays the role of a
force, the unication in this approach seems to be much
more natural than in ordinary Kaluza-Klein theories. In
addition, no scalar eld is generated by the unication
process. It should be mentioned, nally, that several dif-
ferent Kaluza-Klein models in spacetimes with torsion
have already been considered [10]. However, all of them
are constructed on a 5-dimensional spacetime, and are
consequently completely dierent from the model pre-
sented here.
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